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Geophysics. — On the vibrations of an elastic sphere with central core. 
By J. G. SCHOLTE. (Communicated by Prof. J. D. vAN DER WAALS Jz.) 


(Communicated at the meeting of November 25, 1939.) 


§ 1. A homogeneous elastic body of unlimited extent can transmit 
two kinds of waves, the longitudinal and the transversal. When the 
body is limited, both kinds of waves are reflected by its boundary and 
give rise to other waves of the same kind. Any vibratory motion of 
the body can be represented as the result of superposing longitudinal 
and transversal waves. In case of an infinite solid with an infinite 
horizontal surface these waves can combine to form a displacement 
that does not penetrate far beneath the surface: the Rayleigh wave. 
Assuming that this body is covered by a layer with other elastic 
properties, it is possible to construct another kind of surface waves: 
the Love waves. Further the effect, due to gravity and the surface 
layer, on the Rayleigh waves — and various similar corrections — can 
be taken into account. 

There is however another method of investigating the movements of 
a limited body: the method of normal functions. The solution of the 
equation of wave propagation on a sphere is then written as a combi- 
nation of some spherical harmonics, satisfying the boundary conditions. 
The theory of the superficial waves must be included in this theory of 
the vibrations of a sphere, as has been pointed out by RAYLEIGH. In 
case of a homogeneous sphere the deduction of the equation, giving the 
velocity of the Rayleigh waves from the period equation for the vibrations 
of a sphere, has been effected by BROMWICH and LOVE. \ 

In this paper we shall investigate the oscillations of a sphere with 
central core, taking gravity into account, and are to arrive at period 
equations, from which numerous known equations can be deduced. 


§ 2. According to the theory of LOvE?), concerning the oscillations 
of a homogeneous sphere, the equations of vibratory motion are three 
of the type 


ie 0A > i) OV 0V OW 
@ 72 —UtTMa, THV ate ee | eA +e a 
where u = the x-component of the displacement; with similar equations 


for the y and z components (v and w). We have 


o = the density; 4 and w = Lamé’s constants. 


CHES) 


A = the radial component of the displacement. 


ou, dv , Ow 
Sa Oz” 


V = the potential if no disturbation. 

W = the potential due to a distribution of mass (—e A in the medium 
and +0A at its boundary) together with that due to possible 
external bodies (e.g. the moon); hence 


V?W =4ayeo A. (y=gravitation constant 6.7 < Om); 
i 


These equations can be transformed into: 
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9 = wT? (e cot) 
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where r=|[/x’?+y?+2’, rot.=the radial rotation component. 

We shall write the solutions of this set of equations in the form 
Fc). W,,.e78'; W, is a spherical solid harmonic of degree n. 

From the form of the equations (/) it will be seen, that there are two 
possible types of vibrations: 

1°. those, which involve no dilatation and no radial displacement; 
these correspond with the oscillations called by LAMB!) “vibrations of 
the first class”. 

2°. the second type, which LAMB described as being of the “second 
class’, are those which cause no radial rotation component. 


§ 3. Beginning with the vibrations of the first class, we put A—0 
and AO; equations (/) are then reduced to 


(op? + w V”) (c rot) = 0. 
The general solution is 


rrot, n(n + 1) (a; Wn + B, a). Wi. e'?', 
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where 
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As 4:=0 and A=0; 
oC |, 0(B siny) _ 9 
oy Oe 
(B and C are the meridional and the azimuthal components of the 
displacement); hence 
_ 0M _ 1 0M 


oe sin Op ’ 


which gives 


0? Za 
aso) 2 : 
KO} Ye (Vv 572 - an) 
M = — (a; Wn + 5; a). Wi. 
The components of the displacement are therefore: 


OW, 
“siny.0p’ 


OW, 
oy 


A=0, B= (a vn + by a,) C=— (a, yr + 5, a). 
(the time factor e’?' being omitted for brevity). 

We apply this solution to a sphere with central core; the movement 
of the first kind is perpendicular to the radius and must therefore be 
related to the Love waves, as those movements are also perpendicular 
to the vertical. 

The solution is now: 


W. 
Nece Geen bere eae 
sin py . 0p 

W,, 

CH= (1 rn + bm) <5 

wy 


pie 


if De= f= a> end 


| pe : OW, 
a2) 
sin y . 0m 
| C=—ay, oN 
oy 
if  ——— b 
2 
(the argument of y, is om re OLeanr): 
2 


The boundary conditions are: 


1. at r=b continuity of movement: 


b bee ' 
ay pe sr Dy m—=a,p? 
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and continuity of tension: 


0 \ WwW, 
{ey ab ) Wea), 


2. the vanishing of the traction across the free surface r—a: 


cee er pie a 
ag j ye + by ma). — (=o. 
Hence 
by 
hae (n—1) vr a a,a ye Z aA wpe + = 1b 
Cid Oras = ie aya load Ch eh C= —— wie - ay 


(a horizontal line means differentiation to the argument). 


Substituting in the second equation we obtain the period equation: 


b, * 
[) pe) een: pe 
= (il) =-d,b0.—.( =-(n—1) =, 4,6 Ty ee 
My ( a b age ye 
a fee 7 n 
a, wy? 
or 
(1 = le 1). wy? + a, b pee. 
2 4 bank 


. {(n—l) (ph a2— ye at) + aya (ye me — pe mP)} = 
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By putting a—b6 we arrive at an equation, identical with that found 
by LamB') for the vibrations of the 1** class of a homogeneous sphere: 


pe 
a= = (nl) 0, 
Yn 
a. To explain seismometric data it is generally assumed, that the 
thickness (d= a—b) of the surface layer is small compared with the 
earth’s radius. As a first approximation we have: yw? = y*—ady; 


Dinaeatye. 
et 


then p?—y?—ad.y?, and as y® satisfies y? + ae 2 yee Os 


m=, {+204 1) 4) pad. y 


a 
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After some reduction we find the period equation in the form: 
M aw) 0,7 2 
[PaaS —!l ae 1 : .(a,a 
(1-2 )o—neta—(1-% ar )laa? 


Qn+1241 


la 
Ye 


a 
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(11) 


+ (n—1) = 


aa, 


ikem <<a 


aye KE : ; 
In case of a sectorial harmonic —— is the spherical distance between 
n 


PaeEN 
two points on the surface of the earth where W,—0O, or is the 


“wave length’. Therefore the condition nd ¢{ a means, that the wave 
length should be great compared with the depth of the layer; the 
vibrations of the earth are then those given by the period equation of 
a homogeneous sphere (consisting of the material of the earth's core), 
with a correction term due to the surface layer. 

b. This approximation is no longer applicable, when the degree n 
of the spherical solid harmonic is great. Taking a, b and n very great, 
we shall find the period equation of the oscillations, possible in an 
infinite solid with a plane surface, covered by a surface layer with 
depth d, viz. the equation of the Love-waves. We suppose: a, b and n 


Se n : : 
are infinite, so that a—b—=d and a =I are finite. It is now necessary 


to obtain the form of y, (or z,), when both the order and the argument 
are very great and r—=b+z, z¢¢ b. Using the method of BROMWICH”): 
Wn satisfies the equation: 


d’y , 2(n+1) dy ree 

dr? a Tr Si ee 
write r—=b+2: 

d’y  2(n+1) dy Dae 

dz? r 1b d CLE 


asim) 1) iri@@D: 
d? d ee 
ae + ae = 0; == 0; hence y =e". = awheresse== | 4/2 ae 
The functions must then be of the form: 


Ue= ez (c, es12 at d, eos1 Z) 
eae Ne, Cie peu): 


We have now (c, d;, c),d) are unknown constants): 


dw, 
(n—1) ys +a, ape PONE os cre!—d, e-s 


ify = =a ee 
1 (n—1) mu" -++ a, a m0 ie i (=) a == c,e4--d, eid . 


ay 
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and 
Cee ve) 4 (a 
n—1 ay ae Ore ay i Nhe We. 
fe b, me ye aoe 
(pee bpajco + as 
ay es ay 
b 
(cy GHEE | (eye) ed — e-sid 
oeSh — ===1Sy == S12 (giisya: 


BROMWICH found on this method: 
Wee ee at where t= 7 and s,—=|7 | as: 


the left-hand member of the period equation can now be reduced to 
Ss 
ee ence: 
ea 
pede Dee 
ea 


Si) 6 tgh sid. 


This equation has only roots, if s, is imaginary; we assume therefore 


a, >l and put s,=|“a,?—P. The period equation becomes 


7) 
a,>1> <a, or peels — 


2 


§ 4. Proceeding to the movements of ‘the second class we narrow 
down the problem to that of a core, surrounded by an incompressible 
liquid; this is to the seismologist one of the most interesting of these 
problems, viz. the interaction between the movements of the ocean and 
the earth’s core. 

Since the liquid is incompressible: A —0, but as A=, 2A will be 
finite. Putting 2A0= D, we have the modified equations 


\V?(D+aAz)=0 ive =0 


) OV ow 
22 Rit teed —— 
fo pate(D+uad’)+ 1 Or O} 
oV by 
Suppose W=(a+ br-?"*+) W, and D+0,A aes Qn+)) W,, 


where W, =r" X spherical surface harmonic S,. 
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Whe have then: A= es and, with rot-=0 and A=0, we find 
r 
10F 1 OF ao,;+c bo,+d _ 
= ———— ee —— ; ee pe nS 
4 r Oy’ rsinyw Oy bi 0p? @1p? 


Assuming for simplicity’s sake, that the core is also incompressible, 
the equations of motion of the core are 


\V(DtaAa%,)=0 Yer 


W 
Hest + nV ra +8 (Pteay 5 bee a = 0. 


Put W=a’ W, and D+0,A — c W,; then we have 


(02 p? +uVrA+e2 (a Gr WO, 


id yf 
whence A = — as nW,+ney,W,, where the argument of 
2 
02” 
Wn is ror k?r. Again we have rot,=0 and A —0, therefore: 


oe Ge sgCoa ee jeuleow 
ai oye aj ea (°c oy 


OW, 
rsiny Og — 


C =the same factor < 


The boundary conditions at the bottom of the ocean (rr) are the 
continuity of W, A and of the tensions Tarr and Try, or, in the same 
order: 


la Sa br 21) 


ae Ey ee agg Devi gy) tia 
02p" op? O1P 


/ = w 
3, c+ (have? tou") A+ 2m. ebrs. Tas 
2 9) 
==C-- dr, 22th) my 01 Osta 


fone 
4. 2in—1).(— ahaa Gane ere )— 2 e Wn é ekroy,—0. 


02 p? n+l nal 


925 
The equations 2. and 4. give 


2 (n*— 1) 


IFES oc at 
substituting in 4.: 
co SO(n? I), eee, 
02p? p? * dnkra(kr,yrt2yn) n§? 
with 3, 
) =| 
ct dete), 7 Y Or (O2—01) +2 pb. = aa 
2 
ee oles 
Neo Be QP: x+1 n \ = 
aden. Be. 
where we have put 2 ae x for brevity. 
With 1. we find 
Or eC aie Ona O06) */3% (02 — 01) 1 
| : = Sea 
Q2 01p?.%A P i 
oe 
! Dn =A) 2 in een 
ese EES ati) 
or 
2 
LDA Fa aye feng 
ee ein) ae _. (Illa) 
krsv, k? r2 ae 
pels ges 2 
ee n(n -+ 2) 
where 
Heh 4/3 2y (02 gens, Q\ e+dr. t+ 9,a+o2bry Ot!) 
= 3 n° (Fo, a) nF (+0, b) (nfl) ee 


The boundary condition at the free surface (r—rj) is Trr—O0; hence: 


i) 3 
ct drt) + 4/, 0701 09r, A=0, where we have put @_9>=0;+(02—01) - Bl 


La 
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Again there are two boundary conditions due to the surface mass- 


ae 


distribution 0, A at r=r, and (0,—0,) A at r—r>. The potential W is 
(at br-@+)) 7° S,, if p=r=r, 
a r°sS, or (a bry") er Sit ce 
and at external points (r= r,) 
(ar, tnt) 4B). rt) S,, 


The surface characteristic equations for the potential are therefore: 


! {(a + br-@nt+)) Wt — e Maret! b) re Wo == 4a oy A at r=, 


dr 


Fat be ) Wa} — © tat bey Oe) W, |=4ay(e—e)A at er, 


or 
9 
Or 
Or 
(2n+1). br." 2 —4ny(0,—0,).,A and (2n+lha=4ayo,r, A. 


These equations give with 6. 


n(a+i)(l—s) _f* 
Ree eae 2n-l “as 


where 


eee no 1) p eS (Qipao Cee ae 
cae 42 (02— 01) ave vy 


2n+1lo a 02—0 2n+1o a 
f?=|—s- ; Oy : a Le, 2 ‘ 
Sh ey n " 0; 3 ote n 
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Substituting in H we obtain: 


fe bee ells) a 


a l De rr mae 2 
eee as he eel f 
as ie n(n ce Tes Fe , (IIT b) 
| 2n+]1 “as 


Equations (l/Ja) and (IIb) give the period equation of a sphere, 
covered by an ocean of uniform depth. 

a. It is obvious, that we can consider the periods p, determined by 
a known value of n, as the periods of the vibrations of the core, altered 
by the surface layer, or as those of the ocean with a variation due 
to the core. Equation (///) must therefore include as limiting cases the 
period equations, both of a free oscillating homogeneous sphere and of 
a free oscillating ocean. 

Firstlys weputir, ==, or s= 15. then 


Substituting in ([/Ja) we obtain 


eae Ng 0202 
7 ——(2n-+ 1) 
Wn es is) (2n + 1) , where g=)3 TY O72 2s 
kro Wn k?* ry Ng 202 n(n + 2) 
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the equation found by BROMWICH %) in case of a homogeneous incom- 
pressible sphere. 

Secondly ; to deduce the period equation of an ocean with uniform depth, 
covering a non-vibrating core, we must assume that «= o. Thenk=0 
Ane === CCvPOr 
n(n+1)(I1—s) f* __ 

Ppa ars, a 


1+ 


this gives: 


\ enimeta 1) (ls) oy SN er tea 
ene -leens - Dapever Vy. Toh, Eageee 


being the equation in question. (LAMB. Hydrodynamics). 
Note. Taking this solution of LAMB we find that the tension, due to 


the movement of the ocean, on the surface of the core 


r)\" 2n +1 3n(l—s) _ 


928 


This periodic tension causes a vibration of the core, which can only 
be neglected, if the wave length is small compared with the depth of 


the ocean. 
b. In case of a liquid core we put “=O; then k= & and H=0, or 


ee ECs i =] ct) (ee ee 
Q 


~ 2m / 3 01 
02-61 02-01 1 Q 02—0, n+l-+ns yet 
eet 1 oth oe 
2 ee ie! 2 3% oe 2; 2°20; 
Te n?(n+1) (Is) @2~e1 i 1 2n+1 @9\(@2—e1 2n-1o2 ee f=0. 
Zn 1 eo, | on Be 3 a O1 


If n is great, the two roots of this equation correspond with |. the 
frequency of an ocean of uniform depth, and 2. the frequency of two 
infinite liquids with a plane interface, as has been remarked by SEZAWA *). 

c. BROMWICH (and later LOve) has proved, that the Rayleigh-waves 
are vibrations of the 2nd class of a homogeneous sphere (if r, and n 
are very great). We can therefore expect, that the period equation of 
the corresponding vibrations of a heterogeneous sphere include as-a 
limiting case the equation which determines the propagation of the 
Rayleigh-waves, with correction terms due to gravity and the liquid ° 


surface layer. 


ca n 
When 1, r2 and n are infinite, so that r,—r,=h and —=/ are 
vy 


finite, then: 


fo 2n+1 f 3 
[> . 
== || 2 ~ p—2hl a | 2 eS 
Sa ~e » Op — O17 (02 01) ~ 02. 
v7 v7 


2n+1)p? _ 2/3 n? p? 
pam +1)p ~ [3 n* p on where g = */3 77 021}. 
1 


4 01 gl 


After some reduction, we find 


Hes elie Z (1 es or A= (1+ K)( a 
Pp 


Applying the method of BROMWICH to equation (I//a) we find 


2 


4 Vy 1—t—(2—2) + ¢?(1—H) =0, where cae 


WS 


Substituting H, the period equation becomes 


1 
1-2 
p 


eee (eK) K—0, Kk 


7 AYA) 
2 ctgh hl— s 


This equation determines the velocity of the Rayleigh-waves on the 
bottom of the ocean; it is obvious, that it includes the equation of the 
Rayleigh-waves (g =0 and h—O) and the equation 


aA = ay roa C— tgh hl—0, 
found by BROMWICH in case Al (¢ 1. 


I want to express my gratitude to Prof. VAN DER WAALS for his 
kind assistance and interest he has taken in this paper. 
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Mathematics. — Ueber Produkte von LEGENDREschen Funktionen. Von 
C. S. MEER. (Communicated by Prof. J. G. VAN DER CORPUT),. 


(Communicated at the meeting of November 25, 1939.) 


§ 1. Bei der Definition der zugeordneten LEGENDREschen Funktion 
erster Art unterscheidet man gewohnlich zwei Falle '): 

1 Es sei wf+1, ljarg(Ww+1)|\<a und |arg(w—1)| <2; die 
zugeordnete LEGENDREsche Funktion erster Art P,"(w) wird definiert 
durch 


m (iy) a Wt 1 (w= I)" 
ACN ae eperip a 


2. Es sei —1<w<l1; die zugeordnete LEGENDREsche Funktion 
erster Art P?'(w) wird definiert durch ”) 


P” (w) =! \— Ese mil ns 1m; 4— 4 we {1} 


Die zugeordnete LEGENDREsche Funktion zweiter Art Q?(w) kann 
erklart werden durch 3) 


ey eG I psa 
Oa) = ie cn) 


xP (1 Phim ni 2a 2n? z ): 
1—w 


(w $1) *” w—1i" 


hierin wird wf+1, |arg(w+1)|< a und |arg(w—1)| <2 voraus- 
gesetzt *). 
In dieser Arbeit setze ich stets 


—m wi 
(& 


(a) = Q? (w); 

i) r'(i-+m-+n) CA) 

1) Man vergl. Hopson, [1], 188 und 227. 

) Die Funktion P” (w) hat einen Sinn in der von w=1 bis w=— 00 aufgeschnittenen 


w-Ebene; die Funktion P”’ (w) dagegen wird nur fir —1<w< 1 definiert. 


3) Man vergl. Hopson, [1], 203, Formel (28). 
4) Die Funktion zweiter Art brauche ich hier nur fir | arg (w+ 1) |<Cx; eine (1) 
entsprechende Funktion zweiter Art kommt in dieser Note nicht vor. 
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zur Abkiirzung setze ich ferner noch 


Cr) mn) Ul, (ww) U2, () UE (wo) (w)} 


und 


Di (w) = $ {(m + n) UT (w) UT (w)—(—m +n) U2 (ww) UR (w)}. 


Ge2. 


Ist |argw| <a und geniigen a, #, o und 1t den Bedingungen 
R (oc) > 0, KR (x) > 0 und R (a + B—c—1r) > 0, 


so hat man, wie ich neuerdings°) bewiesen habe, 


1 A nomte _ ; eae == * = ee 
I'(a) I'(p) 1 oe) ee ay ] 


(2) 
X< F, (a— 1, B—t; a + P—o—t; 1 Oia e a a 


Mit Hilfe dieser Beziehung kann man Integraldarstellungen ableiten 
fiir gewisse Produkte von LEGENDREschen Funktionen. 
Ist z 0 und [arg z| <2, so gilt namlich °) 


re CFS) a l—m, 1—2 m; —z? 


Pe ane 2m y—2m  —_m, —m—n, l|—m-+n; 
(Pn 1 pay = 22 At url 


Z = Q2m—1 gi—2m | 74 41 7? Sits esa =) 
m 2 m-—-1 DN ee A pa ty. = us 
P; (IE ) Pz eZ) I’ (1—m) ['(2—m) SF, ( 2—m,2—2m; —z? » (4) 


1 


——— Dm 7m | |? 4—m, 1—m—n,1—m + n; 
Bt IES) Pie eee sFa( zt 


I? (1—m) 1—m, 1—2m; —z? ©) 
Tea —— a ( 2 Ml, pe ITs ) 6 
Nee 2) rel Gee a) ind nz? ¢ 
: ie) ik r(," baer (7) 
Ge Ae) =i Ain)? ?\t—n, tn; — 22 


Durch Anwendung von (2) auf die rechten Seiten dieser Relationen 


Man vergl. [5], Formel (16). 


3) 
6) [2] , 487; [4], 400; [3], 216. Fir (6), (7) und (8) vergl. man [3], Formeln (113) und 
(57), Formeln (114) und (63) und Formeln (115) und (60). 
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bekommt man die verlangten Integraldarstellungen. Aus (3) und (2) folgt 
z.B., falls 
20, latgz|— 4m, Ninn) 0 und Jen) <4) es eee) 
ist ’) 
1 
z" P(L—m) 


Fe ee yr ao Ponta Fond cata 


x fF, (—n, —m—n; 1—m; |—u) (l—u) " u-"-""!' du; 


setzt man hierin u—cosh~?t, so erhalt man 


loo) 


ma ee = 22a Dh 2 m4 
PrVVitay = eqn emeen rier ceanarecn | cosh?) 


0 
AE (nan, —m—n; Ini: toh? f) sinh’y°"'¢ cosh de 


Es gilt aber °) 


2F, (—n, —m—n; 1—m; tgh? t) = I'(1—m) sinh” t cosh” *" t P™ (cosh2?). 


Sind die Bedingungen (9) erfiillt, so besitzt daher die Funktion 
{ P” (1+ z?)}? die Integraldarstellung 


a eit ne 22-2" I'(4— m) \ 
Pp. V1 — 2) = : : ; 
[Pa Peet ae P—m—a) m+ | 
© (10) 
x fe -+ cosh? t)"* P™ (cosh 2 f) sinh’ —* ¢'cosh: fdr. \ 
0 


Fine mit (10) verwandte Integraldarstellung fiir das Produkt 
Un Vee) Cat + z?) ist 


I's + m) 


Un (W1 +22) U4 (W1+22)= mn z-2m | 
;: (11) 
x | (z? + cos? vy)” * P™ (cos 2 @) sin!—™ p cos” do. \ 


0 


Hierin wird z #0, |argz|<ia und —3<R (m) <1 vorausgesetzt. 


7) Ich benutze die Beziehung 1(} — m) (1 — m)=2?"'/a4r(1 —2m). 
8) Hosson, [1], 210, Formel (41). 


ee) 


Aus (6) und (2) ergibt sich namlich 


CVs WAR) i (1) = GPGRAF I'(1—m) 


diese Beziehung geht fiir w= cos? itiber in 


Ue VTE 2) U2 VIFF) = reg 


SG (12) 
4 (z* + cos’ yp)" * Fy (—n, 1-+n; 1—m; sin? ¢) sin!" » cos?” p doy. 
0 


Wegen (1) gilt aber 
2F, (—n, 1 +n; 1—m;sin? yp) = F'(1—m) sin” ¢ cos— » Pz (cos 29). 


Formel (11) folgt also sofort aus (12). 
Genau so wie (10) und (i1) beweist man, ausgehend von (4) bezw. (8), 


— — 12m ey ye \ 
Poe (ae (1 po) a pete 


Ln I'(1—m Sire m-+n) 


(oa) 
» 


(13) 
VS | (z? + cosh? #)” ° P™ (cosh 2 #) sinh'-” ¢ cosh” ¢ ae 
- | 


(wo z+0, | arg z| << $a, (m+n) <1, R(m—n) <2 und (m) <1 ist) bezw. 


zs es) 


Di Vit A= Fp 


Lz 


(14) 
Z| (z2 + cos? p)" * P” (cos 2¢) sin!” y cos” y dy 
0 / 


(wo z#0, |argz|<$a und —4< R(m) <1 ist). 


Die entsprechenden Integraldarstellungen fiir die Funktionen 


P™ (1422) BP, (W1+2z) und C7 (1+2z7) sind etwas komplizierter ; 


es gilt namlich 


“im THEE (bm) j yn =I 
Be Naz) eM tl) — = aie ['(1—m+n)« aoe cele aaa 


X< }(n—m) P® (cosh 2t)—(n + m) P21 (cosh 2 1)} sinh |” fcosh” t A 
Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, Vol. XLII, 1939. 61 


034 


(wo z#0, |argz|< $x, R(m+n)<1 und R(m) < 0 ist) und 


m Pati Soh la z2m Y1+2 < 2 2 o = 
(Gs ra = 21 tm) (z? + cos? 7) aaic 


x {(n—m) P? (cos 2q)—(n + m) Pi-1 (cos 2¢)} sin7!~-™ p cos” p dp \ 
(wo z~0, |argz|< $a und —}< H(m) <0 ist). 


Diese Relationen folgen mit Hilfe von (2) aus (5) bezw. (7). Beim 
Beweis von (15) benutze ich die Hilfsformel 


2 m. ,F, (—n, —m—n; —m; x) = (m—n). 2F; (—n, —m—n; 1—m; x) 


+ (m+n) (1—x). 2F, (l—n, 1—m—n; 1—m; x); 


ebenso bei der Ableitung von (16) die Hilfsformel 


2m.F;(—n, n; —m; x) 


= (m—n). 2B; (—n, 1 +n; 1—m; x) + (m+n). 2F, (l—n, n; 1—m; x). 


Die Integraldarstellungen (10), (11), (13), (14), (15) und (16) sind sehr 
nahe verwandt mit den Beziehungen (35),..., (46) meiner Arbeit [3]. 
Z.B.: Formel (35) der angefiihrten Arbeit bekommt nach einiger Trans- 
formation die Gestalt 


——, Le 
ee Weare: 
Fae A Spelt aes 


aresinh z 


x | (22 — sinh? ¢)” * P™ (cosh 28) cosh'+™ ¢ sinh—” ¢ dt. 
0 


§ 3. Wie ich in einer vorigen Arbeit gezeigt habe, besitzt die 


Funktion }P." (“1+ 27)\? unter gewissen Voraussetzungen die Integral- 
darstellungen ”) 


; eo : Seas 
Ze Raunt sae = Konan (2.0) Jo (2) dome t 2) 


und 


woe iargz 


a 4 ; 
{P™ (1 + 2} = Casa Tceea | (2zv) K241(v) dv. (18) 
0) 


°) Man vergl. [3], Formeln (11) und (23); ausser (17) und (18) gebe ich in [3] noch 
verschiedene mit (17) und (18) verwandte Formeln. 
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Ich werde jetzt einige verwandte Relationen ableiten. Zundchst 
beweise ich 


an 


Le tena UE A a | Loni (2v) HN" (z v) H® (zv) dv. (19) 


iy 


L 


Diese Beziehung gilt fiir zj-0 mit |argz)< 42 und alle Werte von 
m und n; der Integrationsweg L lauft von ce?” nach oe?” und 
vermeidet den Punkt v=—0O durch einen auf der rechten Seite der 
imaginaren Achse liegenden Halbkreis. 

Beweis von (19): Ich brauche nur den Fall mit |‘k(m)|<4 zu 
betrachten. Das Produkt H')(¢) H(0) besitzt dann fiir larg ¢|<a die 
Integraldarstellung '°) 


Org 
(a) ye COS hae | petal Oe ers | 
es Ba (Ai ie bas (8 ae =e {ra + s) I’(—m—s) I’ (m—s) I’ (—s) C?5 ds (20) 
— @Oi+o 
[| GA) | 
Hieraus und aus '!) 
iv Tt ay 
[reiedb=ry—ayyregpcyy — RW<H 
L 
folgt, dass die rechte Seite von (19) gleich '”) 
Mi+a 
Saree eee (2v) dv {re + s) ['(—m—s) I'(m—s) I’ (—s) (z v)** ds 
Hi —Oit+ag 
Cole i 
22) { P(§ +s) P(—m—s) F'(m—s) P'(—s) 2 ds { Tones (20) v?* dv 
Tt? re 
Bee L 


Z*as 


COSiinet | | Pr a) ites) mS) I'(—s) 
2 | I’'(—n—s) I’ (1 + n—s) 


10) Man vergl. WATSON, [7], 223, Formel (2) mit «=»=™m. 
11) Siehe [6], Formel (3). . 
12) Nimmt man o << — }, so ist die Vertauschung der Integrationsfolge erlaubt. 


Ol” 


936 


Das letzte Integral ist nach der BARNESschen Theorie der hyper- 
geometrischen Funktionen gleich '’) 


— ay Sat 5 F Ms is ) 
220 G—=nlEPn) E22 nga eee 


2 


Aus (6) ergibt sich aber, dass dieser Ausdruck den Wert 
LTE (7 az) Rie ee) 


besitzt, so dass der Beweis von (19) geliefert is. 
Auf analoge Weise wie (19) findet man (man vergl. (7)) 


— esis Ve 
Cri sae [ fo, (20) HY (zv) H® (zv)v dv. . (21) 


L 


Die entsprechende Integraldarstellung der Funktion D” ({“1-+ z”) ist 


Dae tee es |e) 
| (22) 


< {H! (zv) HO, (zv) + H? (zv) H, (zv)} v do. \ 


Diese Beziehung gilt, ebenso wie (21), fiir z5£0, |argz|< 42 und alle 
Werte von m und n. 


Der Beweis von (22) ist dem von (19) analog; statt (20) und (6) 
benutze man 


Hee aWebena( oer ekenis wen iuis 


Oi+o 
ZV COS MICO ie : ‘ 
SSE [PO +S9 Pm) Pm—4—9 F(- 4) ds 
ree 


und Entwicklung (8) '*). 


§ 4. Mit Hilfe der WuippLeschen Transformation '5) 


pvite=(2) rive). ©. . 0 


14) a! De) SS arch 


5) WHIPPLE [8], 304; Hopson, [1], 245-247; MEER, [3], 227. 


957, 


kann man aus den Beziehungen (10), (11), (13), (14), (15), (16), (19), (21) und 
(22) noch andere Integraldarstellungen fiir Produkte von LEGENDREschen 
Funktionen ableiten. Aus (23) und (19) folgt z.B. °) 


PrVIiEZe vit 2\= ; | Tom (2z0) Hn+, (v) HP y(v)dv. (24) 


M 


Hierin ist zf0 und jargz|\< +2; der Integrationsweg M lauft von 
coe G74 arg2) nach ooe’@*—arg2) und lasst den Punkt vO zur Linken. 
Formel (24) entspricht (18). 
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Mathematics. — Ueber BEesseLsche, LOMMELsche und WHITTAKERsche 
Funktionen. (Zweite Mitteilung). Von C. S. MEIER. (Communi- 
cated by Prof. J. G. VAN DER CORPUT). 


(Communicated at the meeting of November 25, 1939.) 


§ 5. In einer friiheren Arbeit !’) habe ich fiir das Produkt J,,(z) J,(z) 


die folgenden Integraldarstellungen abgeleitet 


2 90 


23-b- —v 


| Cu +v—1, u—v (2z cos 9) cos (u + v) P dep / 


0 


Ju (2) Jy (2) = (28) 
Ria ae ll 


und !”) 


5 TT 


gn 3H He a 
dh ea) h(a Re Z | Fau+r-1,r (2z cos p) PYF (cos @) sini” » cos—" » dp ] (29) 
[R (uw) <g, R(u + v) > —1). 


Die hierin auftretende Funktion r,,,(z) wird erklart durch 


eA == raypUae futtrPA+tu—t>) 


ger Q ; 
~ a G+ hb) Peep) a ein ee pe 127, 


Lo) 


WO Sz,»(z) die erste LOMMELsche Funktion bezeichnet. 


18) MEIER, [11], 363—364. 


19) Fir —1<w<(1 wird die zugeordnete LEGENDREsche Funktion erster Art definiert 
durch (siehe Hosson, [3], 227) 


ee ol ee) (a) 
Ne Fie 


2F, (—n, 1 +n; 1—m;4—1 w). 


Die Funktion P™(w) ist — im Gegensatz zu der in § 3 (siehe Fussnote 10)) betrachteten 


Funktion P™ (w) — eindeutig fir —1<<Cw< 1. 


SS) 


Es ist naheliegend auch die Integrale 


| Sutr-1,u-y (22 cos y) cos (14 + ») @ dy 


und 


| W2H4rH Ir (22 COS @) Sy (cos @) sin?" p cos—“ » dp 
eX 


0 


zu betrachten; hierin bedeutet S,,,(z) die zweite LOMMELsche Funktion. 
Ich setze 


_ Sur (2) 
Ror = PETE Pele ta e—¥) ae 
und werde zeigen 
{HI (z) H? (z)— HH (z) H? (2) sin wa sin vx 
4—u—y =a, : ei (32) 
== sins : * { Boor y= ase a faa 
(wo R(utyr) >—1 und |R(u—v)| <1 ist) und 
(HE. (2) Hy” (2)— Hs” (2) HE) (z)} sin wx | 
—3uU—v +57 5 aS 1 » (33) 
= A oe z [Ronee (2zcosq) P42; (cos) sin?“ p cos—" y dp \ 
Sr: 


ist). 


(wo R(u)<F, R(w—r) C1 und [R(u+>)| <1 i 
) gilt namlich ?°) 


Fiir die durch (31) definierte Funktion R,, 


a 
v(z 
R,,»(z)sinva=r,, »(z)sinva +2" {J_,(z)cos$(u—v)a—-J,(z)cos $(u+) a}; (34) 


ferner hat man ”') 


Jule) Je =, | Insr(2z e059) c08 H—) 9 ap 
0 


(35) 
[R(e +») >—]] 


20) Man vergl. WATSON, [12], 347. 
21) Siehe MEER, [11], 363. 


940 


und 


+h ofl 
RES 


VV: J J,(2zcosp) P;—% (cos ¢) sin"*? p cos" p dp / 
a * 
0 


(36) 
[R (x) > —$, Re +) >I]. 
Nun folgt aus (34) 


Wr mes sin (u—v) x Rea t+9—1,y—¥ — DD oe sin o— v)z Cutv—l,u-y 


+ 2 sin yx J_p4>—2 sin pt Sp. 


Die rechte Seite von (32) ist also mit Riicksicht auf (28) und (35) 
gleich 


—2 isin (u—v)a J,.(z) J,(z)—2 isin vx J_,, (z) Jo(z) + 2isin pa J, (z) J» (z) 
und dieser Ausdruck ist wegen ”’) 
H!" (z)sin vn=ie-"*! J,(z)—iJ_,(z) und H!(z) sin vx = iJ_,(z)—ie’*! J, (z) 


gleich der linken Seite von (32), so dass der Beweis von (32) geliefert ist. 
Formel (33) folgt auf analoge Weise aus (29) und (36). 


§ 6. Wendet man (1) auf die durch (30) definierte Funktion r,,,(z) 
an, so findet man (ich ersetze t durch 4¢ in (1)) 


ee ee | 
P+ dete lE FE u— dy ai 


rial Gas r( 


De, 
K3ho(a,BAss+eu+r$+bu—4dr; pas 


Eine entsprechende Integraldarstellung fiir die zweite LOMMELsche 
Funktion S,,,(z) habe ich friiher #) schon abgeleitet. \ 

Setzt man a=$+4u+4y und b—3+14y—» in (37), so bekommt 
man die besonders einfache Formel 


ge gett CT (t\e-" dé 
oy NS = net : Bepes 3 | Te) 


Zz 


Mit Hilfe von (38) beweist man leicht ) 


fi »(2u) Ww ans r(4a-+4 +4) P(g—4ti—4hp) 
e ; TQ 


} PU—F1+ 49) 


22) WATSON, [12], 74. 
23) MEIJER, [5], Formel (12). 
24) Formel (39) kann auch mit Hilfe der MELLINschen Umkehrformel abgeleitet werden. 
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diese Beziehung gilt fiir 


tea he ROE eee (40) 
Aus (30) und (34) folgt naémlich mit Riicksicht auf die asymptotischen 
Entwicklungen der Funktionen °) R,,,(z) und J,(z), dass die linke Seite 
von (39) unter der Voraussetzung (40) konvergiert. Nach der Theorie 
der analytischen Fortsetzung brauche ich also nur den Fall mit 


ee eae i (ae iS 


(41) 
zu betrachten. Die linke Seite von (39) ist dann infolge (38) gleich °) 
ee (nage a 
Be diet Ul errors 
= is : Me (ee du 
je 0 


Bee ee PG 


_ 27 Pe+bat+ewle—sa 


3)). 
Teh Gere al (ees as 


Hiermit ist (39) bewiesen. 


§ 7. Eine mit (28) und (32) verwandte Beziehung ist 


3-9 oi ° 
Ree eee aja ee _feose-neesinheel-"al (42) 


0 


hierin wird z >0 und |R(u-+7)| <1 vorausgesetzt. 
Aus (8) ergibt sich namlich 


bp ea las la; --cosech’t)—=-2 "ee," sinh"? st cosh> ¢, 
Folglich ist 


pee pe ey a 
pee yess og Ae Le 2 2 
elu +t — 2"*” sinh“*” t cosh t. Fi( ee eon 


—— 


25) Fir die asymptotischen Entwicklungen der Funktionen Ru, v (z) und Jy (z) siehe man 
WATSON, [12], 351 und 199. 


26) Die Vertauschung der Integrationsfolge ist wegen (41!) erlaubt. 
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Die rechte Seite von (42) ist daher gleich 7’) 


UV ot } 7 e t—tt on = t—ty; ; 
82z ee (u zi y) fe | Cutiy—-1, u—-v (2 u) + wei & ; & é a i ) ae a du. (43) 


7 1—y—yv; —2?/u? 


ee 


0 


Aus (30), (34) und dem Verhalten der Funktionen *) Ry,,(u) und J(u) 
fiir u—> co folgt, dass das Integral (43) konvergiert fiir |R(u-+7)| <1. 
Ich werde zeigen, dass dieses Integral gleich der linken Seite von (42) ist. 
Nach der Theorie der analytischen Fortsetzung darf ich hierbei 
| R(u + »)| <4 annehmen. Es existiert dann eine reelle Zahl o mit 


RG eo +4y9—F) = ox Min (0,0 9) 2 49) 


Nun besitzt die in (43) vorkommende hypergeometrische Funktion 
Ff, (—z?/u?) die Integraldarstellung *’) 


= bu-hy+s) I(1-bu-ty-+s) I'(-s) (2? )* 
In PN Dw 2 gh—oVS Ss z 
of; (—27j10*) 7 iS “3) ads. (45) 


Fiir jedes s mit K(s) =o gilt ferner wegen (44) 
Rw byl) CR 3 Rw +) und Ri) >RGu+4>—H, 


so dass Formel (39) mit w+yv—1 statt u, w—v statt vy und ut+yv—2s 
statt 2 angewendet werden darf; man findet 


ay 


irene (2 a) ut?) du = 


0 


Oa ee y—s) I'(1—u—y + s) 
Dwi is) 1 (12S es) , 


(46) 


Setzt man nun in (43) fiir ,F, (—z?/u?) das Integral (45) ein, so erhalt 
man, wenn man die Integrationsfolge vertauscht *°) und Beziehung (46) 
benutzt, 


omits 


et Pao eee eet tA at ene et 
2Get I'(i—» + s) P(1—u + s) 


z** ds. 


— O1--o 


27) Ich ersetze sinh ¢ durch u/z. 

28) WATSON, [12], 35] und 199. 

2°) Ich berechne die Summe der Residuen des Integranden in den Polen s = 0,1,2,.-.: 
diese Pole liegen wegen (44) auf der rechten, die Pole 1 +tyv—4, tutiv— . 
2e+3»—F,...und ¢n+iy—1, 44 +1y—2, 4 e+ vy —3,... aber sutaee liben 
Seite des Integrationsweges. 


30) Die Vertauschung der Integrationsfolge ist erlaubt wegen Jt:(s) > R (kw ti» = 2), 
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Dieser Ausdruck ist gleich 3!) 


ylet+yv Mary acy 
eee (Te ee) 
: aol, 
v) » | ys 72 


ee = 1—u, 1—v, l—u— 9; z 
QED aieey Fp one yl tintin; 
TER eye) = Vee aes 


Se nz) = (2) 1 (Zz) Xz), 


womit der Beweis von (42) geliefert ist. 


§ 8. Neuerdings **) habe ich unter gewissen Voraussetzungen fiir das 
Produkt My, m(z) M_—i,m(z) die folgende Integraldarstellung abgeleitet *?) 


MV LV ae (2) rt 


(47) 
x fi _1(z sech v) Py”; (cosh 2v) sinh” *' v cosh -"* v "i yde\ 
Ich werde jetzt einige entsprechende Beziehungen angeben. 
Ist R(k) << 1, Rik +m) < 4 und jargz|< 42, so gilt namlich **) 
efargz 
> «cae cea fe i) | 
Wim (iz) Wen (12) = pag rg af nile) (4g 
x oF, (}—k + m. 4—k: 1—2k ; —u?/z?) 7 i: 
Weiter hat man *’) 
zeoat? ce 2 
Wem (2) M—tym (2) = se ‘i Jreat | 
(49) 


x oF, —k + m,4—k; 12k; 7/27) 0 “| 


31) Ich berechne die Summe der Residuen des Integranden in den Polen s = 0, 1,2 


und s=nu+y, wt y+ il, wty+2,.. . 
32) MEIER, [11]. Formel (20). 


Fur die Definition der Funktion P”(w) siehe man Fussnote 10), 


33) 
4) Meer, [5], Formel (13) mit « = 1—k, g=4—k—m und t = argz. 
) 


35) MEIER, [9], Formel (18) mit «=1-—+ m und g= a 


Ww 
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hierin ist K(k) <1, R(m) >—4 und jargz|<4a. Ausserdem gilt *°) 


DRA Sct 
Wim (Zz) { Wa,m(Ze*)— Wam(z ei = 5 hie k) feree eres = ay { Smtt u) (50) 


0 
oP ilt—k + m,3—ks 12k; Peers 


hierin ist K(k+m)< 4, R(m) > —4 und |argz|< $2. 
Nun ist 3’) 
J 
ra—b oF, (4—k +m, t—k; 1—2k; —cosech? v) 
212k emai ee 
= = cosh * v sinh’ “""" ¢ Qs, 3 (cosh 2); 
Tighe an) 7 


wo Q:(¢) die zugeordnete LEGENDREsche Funktion zweiter Art be- 


zeichnet *°). 
Aus (48) mit u—zcosech v ergibt sich somit 


‘ " = CN BAe RE 
Wem (i z) Wim (—1 z) oe r2 (ame, = Sie 
@ (51) 
| Kn+3(z cosech v) Q7j 3 (cosh 2v) cosh”! v sinh?” ? v dv. \ 
0 
Auf analoge Weise liefern (49) und (50), falls z> 0 ist, 
mts o—m+3 om J 
eae eter 2 z emt 71-4 2m) 
Pig —k—m) 7a 
: (52) 
|| Jm+4(z cosech v) Q=%, (cosh 2 v) cosh ”*' v sinh?” ? v io\ \ 


und 


W4,m(z) {| Wi,m(ze*))— Wi, n(ze~7')} = 2 eee ae 
1? (mn) 


be 
. 


le (z cosech v) Q77' 1 (cosh 2 v) cosh””*? v sinh?”~ v dv. 


Die Beziehungen (51), (52) und (53) entsprechen (47). 


36) MEVER, [9], Formel (21) mit a= 2 und 3 == mm, 

37) Man vergl. Hopson, [3], 203, Formel (28). 

38) Ich benutze die HoBsONsche Definition der Funktion Q" (c), nicht die BARNESsche 
man vergl. HOBSON, [3], 196. 


040 


Eine verwandte Integraldarstellung fiir W,.,,(z)W_«,(z) lautet wie 
folgt 7°) 


Lx 


| Kin+3(z sec @) 


2m rt) Gili es 
— & . 


Wee. (z) Wee (z) == 


Vx “ (54) 
< Pi_2 (cos 27) sin—-™*! @ cos?"—! do; \ 
hierin ist W(m)< 1 und |argz| << ia, 
Beim Beweis von (54) gehe ich aus von *°) 
D2k+m—4 y—-m+$ P(1L_f ee 
Vai CA) AA or A A a | = me | ren (2 “| 
I’ (1—k) xi ” _ (55) 


< oF, 4—k + m, 4—k; 1-2 k; u?) 7+? du. 


Fiir die hierin auftretende hypergeometrische Funktion ,F, gilt nach 
einer bekannten Transformationsformel *’) 


gf (Gk s —ks1— 2k; 2) 


- I'(1—2k) ['(—m) Pee eee : 
SLC ee es oF, (§—k, § +k; 1 +m; 1—1/u7) 


ae oneal a)" 1 OF (yk, b+ ks 1m 1— 1a. 


2 2 


gt 


geht (55) also in 


(1 +) 
Qn—-2 —m ++ ie . 
Wim (2) Winn (2) = (Kasten 
nilya . 


SOR ie ht ke Imi) (la) de 


39) Fur die Definition der Funktion P’” (w) vergl. man Fussnote 19). 

40} MEIER, [7], Formel (4) mit «= 1—k und 3 =} —k—~m. Relation (55) gilt fiir 
lang z| << ¢ 2. 

41) BARNES, [1], 152, Formel (IX). 

42) Der Integrand ist analytisch im Innern des Integrationsweges. 
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iiber. Diese Beziehung ist fiir t(m)< 1 gleichwertig mit 


Qm+h y—-mt3 ~~ 
Wi 2) Wan. @) = a | Kn+4 (Zt) |] 


F'(1—m) ie (56) 


X.F, (¢—k,t +k; 1—m;1 ita ENS) 


Nun ist *?) 


oF, (4 —k, t +k; 1—m; sin? y) =I (1—m) sin” yp cos—™ ¢ Pia (cos 29) ; 


man findet also (54), wenn man u—sec@ setzt in (56). 


§ 9. Das Produkt My, m(iz) Mim(—iz) besitzt wegen (25) und (1) die 
Integraldarstellung (ich ersetze ¢ durch $f in (1)) 


. Jat+3-2 mee 
Mim (iz) Migm (—iz) = pele = 


x 4F; (a, B, 4-t+-m +k, $+-m—ks4-+m, 144m, 142m; —22/#2) 2-4 det 


Nimmt man nun a=/=4-+™m, so erhadlt man mit Riicksicht auf (15) 


. | r(1 
Men eigen af ey Pe (i ie eit dt; 


hierin ist z >0O und R(m)>— 1H. 

Verwandte Integraldarstellungen fiir Wi, m(iz) Wi,m(—iz), We, m(z) Wx, m(z); 
Wii, m(z) M_x,m(z) u.s.w. waren schon bekannt “*), 

Setzt man a=1-+2m und 6=4-+m in (57), so findet man 


Mi »(iz) Mopar PENT ef 1a AN ine y m) I’ (y all ieee () | 
is > (58) 
XP (e+ m+ ky 4+ m—k; 1 +m; —2?/¢?) 3" det [2k (m) > — 4]. 


Nun ist *) 


2, (¢ + m+ k, ++ m—k; 1 + m; —sinh? v) 
= I'(1 + m) cosh” v sinh~™ v Px”; (cosh 2 v). 


43) Man vergl. Fussnote !9), 


#), MEIER, (7), 487; [8], 522: [91 130214 fe 
*) Hosson, [3], 190, Formel (13). 


O47, 


Aus (58) mit t= zcosech v folgt also (ich nehme an, dass z >0O und 
KN (m) > — + ist) 


ia 


ips. (z cosech v) P,.”, (cosh 2 v) cosh~™*! v sinh?" ! v dv; 


(S 


Mee to 72 \ 
My, m (iz) Mi, m(—iz) = — BT ea) 


(59) 


der Integrationsweg C besteht aus der imagindéren Achse von 0 bis ri 
(0<r<4a), dem auf der rechten Seite der imagindren Achse liegenden 
Halbkreis mit Radius r (von ri bis —ri durchlaufen) und der imaginaren 
Achse von —ri bis 0. 

Formel (59) ist mit (47), (51), (52), (53) und (54) verwandt. 


Histology. — The different structures of the cyto-architectonic fields of 
the cerebral cortex as different manifestations of a general scheme, 
each being mainly indicated by the value of one varying property, 
called the field exponent. By S. T. Box. (Communicated by Prof. 
M. W. WoERDEMAN). 


(Communicated at the meeting of November 25, 1939.) 


The microscopic appearance of the cytoarchitectonic fields of the 
cerebral neocortex suggests that all these fields are different manifes- 
tations of a common scheme of structure. The question arises whether 
the differences seen between the fields are due to changes of only one 
property of the underlying structural principle. In that case all the other 
properties of that principle would be constant over the whole neocortex 
and the structure of each special architectonic field would be determined 
by the special value of the variable one. The other possibility is, that the 
structural principle contains many variable properties changing indepen- 
dently of each other. In that case at the border between two special fields 
a change might occur in a number of these properties and at the border 
between two other fields changes might occur in another combination 
of properties. 

In my paper “A quantitative analysis of the structure of the cerebral 
cortex’’ (Royal Academy of Science, Amsterdam, XXXV, 2, 1936) the 
results were described of a series of measurings of the size of the 
ganglion cells at the various distances from the pia mater in one field, 
the area temporalis superior posterior of man. The size of the nerve 
cells — expressed by the volume of their nucleus — proved to be depen- 
dent upon the depth below the pia in such a way, that a fairly simple 
scheme could be given of the mutual relations between these volumes 
and depths. 

The above problem can be studied by executing the same type of 
measuring in other fields of the human neocortex: do the relations between 
nucleus volume and depth in these other fields correspond to analogic 
schemes and, if so, what are the differences between these schemes? Do 
they depend upon one property that has a different value in the different 
fields, or must we describe the differences between two special schemes 
as different values of the one property and those between two other 
schemes as the variation of another property? 

By plotting the nucleus volumes and depths measured in the area temp. 
sup. post. into a rectangular scheme (Fig. 5 l.c.) a correlation diagram was 
obtained that in two aspects differs from those common in literature. 
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In the first place the relation points (each indicating the two values of 
one cell) are distributed in two fields, called the upper and the lower main 
group. The upper group is built up by the nerve cells of the 2d and 3d 
layer and by some larger ones in the 4th layer, the lower group by the 
other (small) nerve cells of the 4th layer and those of the 5th and 6th, 
The two fields touch each other in a part where the density of the points 
is low. The boundary between them, in consequence, is rather sharp. 

In the second place the density of the points in the different parts of 
each group is very unequal: at the side of the small values (of the nucleus 
volumes as well as of the depths) the points are found very close together, 
their density greatly decreases towards the opposite side of the field. If 
the logarithms of the values measured are plotted in the same way this 
dissymmetry disappears, however. This remarkable fact shows that the 
distribution of the values is not based upon an arithmetic progression 
{each nucleus volume presented being a constant amount larger than the 
former one in size) but upon a geometric progression (each volume 
presented being a constant number of times as large as the former in size). 

By this peculiarity the correlation of the logarithms is easier to read 
than that of the values measured themselves. In each of the two groups it 
happens to be a simple one showing remarkable relations. 

Both fields are oval in shape. 

In the diagram shown in fig. 6 l.c., the volumes were plotted horizontally 
and the depths vertically. A number of horizontal straight lines at equal 
distances from each other was imagined, the mean of the Jog nucleus 
volumes between each pair of lines was reckoned and plotted as small 
circles (fig. 9 l.c.). In the upper zone these circles proved to be situated 
very near to a straight line with a gradient of 45° (tangent = 1): 
in the upper zone the mean nucleus volume increases proportional to the 
depth. 

The nerve cells with a nucleus volume equal to the mean nucleus volume 
of their depth, thus, have the same quotient of their nucleus volume and 
depth. If the logarithms of these quotients are plotted against the loga- 
rithms of their depths, the relation points of these mean cells 
will be situated along a straight vertical line (small circlets in fig. 
10 lc.), so that one regression line in this new diagram is 
exactly vertical. The other regression line (through the mean depths 
of the cells swith the same nucleus volume) is_ horizontal. 
This means that the quotient nucleus volume divided by depth varies inde- 
pendently of the depth. 

In this diagram, moreover, the upper field is found to be a circle: its 
horizontal diameter is equal to its vertical diameter. The logarithms of 
the quotient, thus, vary as much as the logarithms of the depths. 
This means that the quotient nucleus volume divided by depth varies as 
many times as the depths. 

The logarithms of these quotients show a normal distribution (frequen- 
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cy curve of Gauss). The extension of the variations, thus, can be described 
accurately by one value, the standard variation (being equal to 0.155). 

‘To express these relations more clearly a circle is drawn in the second 
diagram round the upper field. The borders of the field not being sharp, 
this circle has not a quite exact meaning, but nevertheless it illustrates the 
equality of the range of variation in the horizontal and vertical direction 
and it indicates in a simple way the practical extension of that variability. 
The oval drawn round the upper field in the first diagram (fig. 9 lc., 
demonstrating the relation between log nucleus volume and log depth) is 
the transformation of this circle, and so is the curve round this field in the 
diagram of the nucleus volumes and depths themselves in fig. 5 l.c. 

The conclusions drawn above probably have a very simple morpho- 
logical basis. The depth of a nerve cell under the pia is the length of its 
main dendrite, being the dendrite that rises from the cell body and ends 
in the pia glia membrane. And in a cats brain the basal dendrites of a 
cortical neuron were found to be proportional to the volume of its nucleus. 
The quotient nucleus volume divided by the depth, thus, is proportional 
to the quotient of the length of the basal and the main dendrites, it is a 
value directly related to the shape of the dendrite field of the neuron: the 
relation between the height and the breadth of the dendrite field is a 
constant number of times that quotient. The conclusions drawn above, in 
consequence, may be formulated as follows: in the upper group the shape 
of the dendrite fields varies normally, independently of and as many 
times as the length of the main dendrites (with normal variation of the 
shape a normal distribution of the logarithm of the quotient breadth: height 
is meant). 

The lower group shows two differences with the upper one. 

In the diagram of log nucleus volume and log depth the regression line 
through the mean volumes has not a gradient with a tangent equal to 1 but 
nearly equal to 2: the mean nucleus volume increases proportional to a 
higher power of the depth. The second difference will be discussed later. 
The field takes the form of a circle when log (nucleus volume divided by 
the higher power of the depth) is plotted against the logarithm of the 
higher power of the depth. The radius of the circle is equal to that of the 
upper zone described above. 

The neuron with a nucleus volume and a depth equal to the values of 
the centre of the circle may be called the central neuron of the field. The 
central neurons of both fields have exactly the same nucleus volumes: 
the centres were found to be lying exactly on the same vertical line 
{standard error of the measuring smaller than 5 %). The depth of the 
lower central cell is 3,16 that of the upper one. 

Since then measurements of other fields of the same specimen of 
cerebral cortex have been made. The various Nissl preparations were 
made simultaneously and ample precautions were taken that the various 
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parts cut from the cortex were under the same conditions during fixation, 
embedding, slide cutting and colouring. 

The logarithms of the nucleus volumes and depths measured in 6 fields 
are shown in the figs. 3—8. All the relations described above can be found 
in these diagrams of the other architectonic fields, three dimensions only 
differ: the radius of the circle, the nucleus volume of the central neuron 
and the gradient of the regression line in the lower group. In all the 
architectonic fields this nucleus volume and the tangent of the gradient 
being proportional to that radius, these three varying values are depen- 
dent upon each other. The diagrams of these various architectonic fields, 
thus, differ in the value of one property only, indicated by the length the 
said radius. 

In order to demonstrate this conclusion in an easy way the transformed 
circles (according to this conclusion) are drawn in the diagrams and a 
glance at the figures will demonstrate, that these lines describe in a fairly 
exact way all the fields of measuring points, notwithstanding the great 
differences between the architectonic fields studied. 

The principle used in constructing these transformed circles is demon- 
strated in fig. 1, being a theoretical diagram of the logarithms of the 
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Fig. 1. General scheme of the size of the ganglion cells at the different 

depths of the cerebral neocortex. The value of the field exponent v varies 

from 4 to 1 and characterizes each cyto-architectonic field. The values of c, 
d, and n, are nearly constant in the whole human neocortex. 


nucleus volumes and depths in a random architectonic field of the human 
cerebral cortex. 
The regression line of the upper group starts at a depth of 168 wu 
62* 
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(log 168 = 2,25) and a nucleus volume of 83 yu (log 83 = 1,92). (The 
table p. 953 and fig. 2 show that in all the architectonic fields the upper 
group begins — at the border between the first and second layer — with 
almost the same mean nucleus volume and at about the same distance 
from the pia. In the table the proportion of the measured values of that 
depth and volume and the constant values of the scheme are expressed 
by their logarithms p and q; these are small and they do not show a 
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Fig. 2. ‘The starting points of the upper regression line, the upper and the 
lower centre of the architectonic fields represented in figs. 3—8. 


correlation to the field exponent, described below). The regression line 
has a gradient of exactly 45°. The centre of the upper field, therefore; lies 
at equal distances more to the right and lower down. This distance is the 
radius of the circle spoken of above and it varies in the various architec- 
tonic fields. 

In the vertical line drawn through the upper centre the lower centre is 
found. In nearly all the architectonic fields studied the distance between 
these centres is found to be nearly the same (0,50). This means that in 
all the architectonic fields the central neuron of the lower group has the 
same nucleus volume as that of the upper group and a depth about 3,16 
times larger than the upper one (log 3,16 = 0,50). In other vertebrates 
this factor has a different value. It thus being characteristic for the neo- 
cortex of a definite species of animal, it may be called the cortex factor 
(C). In man this cortex factor is 3,16. 

The radius of the upper circle is found to be different in the various 
architectonic fields. It is maximal in the motoric area giganto-pyramidalis 


a S| eae | | eee 

i se | as i gto] «8 | wef 

a Conele Oea alee vere ee Oot Oza rc) 

© oS |e@ie|/sSs| ay |ag™ 

v 3 65| af 2 © D 

© a | me my | a ® 

————————— EE Se a ee ee ee Se eee 
exponent of the field (v) 0.50 0.54 0.70 0.76 0.82 1.00 
log factor of the field (vce = 0.5 v) 0.25 0.27 55 0.38 0.41 0.50 
mean log nucleus volume at the 1.91 1.97 1.93 1.85 194 1.90 

upper border of upper group (n,) 

correction of volume (p =n; — 1.92) | —0.01 |+0.05 | +0.01 | —0.07 | +0.02 | —0.02 
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log nucleus volume central neurons 2.16 
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log depth of upper central neuron DGS 72 Spt Paps) 2.62 DollS HS) 
(d;) (equal to 2.25 + vc + q) 


log depth of lower central neuron (d,,) 3.07 3502 3.04 $5113} Se 7Ail So S0 

dj;— d; 0.58 0.48 Ong 0.51 0.46 O%55 

tangent of upper regression line 1.00 1.00 1.00 1.00 1.00 1.00 

tangent of lower regression line 0.50 Ros 0.70 0.80 0.82 1.00 
(equal to v) 


number of neurons counted inupper| 484 328 354 446 398 B24 
group (under 0.01 mm? pial surface) 


item in lower group 696 336 392 AWA 324 302 
the proportion of these numbers 0.70 0.98 0.90 0.94 16:23 1.08 


of the gyrus centralis anterior. In this area with the largest cells the 
radius measures 0,50, being equal to log C (the logarithm of the cortex 
factor). It is found minimal in the optic area striata, the field with the 
smallest cells. In this area it is 0,25 or 14 c (if c=log C). In the other 
areae studied its value lies between 14 c and c. The radius, therefore, can 
best be expressed by the formula vc, in which c is the constant distance 
between the two centres, that is the logarithm of the cortex factor C. In 
the various areae the value of v varies from 14 to 1. 

What is the exact meaning of this v? Owing to the fact that it defines 
the size of the circles (the size of the correlation fields) it characterizes 
to a great extent the structure of each special architectonic field. 

In the first place it defines the nucleus volume of the two central neu- 
rons. In the general scheme of fig. 1 the upper centre lies vc more to the 
right than the starting point of the upper regression line. In each area 
this starting point representing the same nucleus volume of 83 «3, the log 
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nucleus volume of the central neuron is log 83 + vc = log 83 + v log C = 
log 83 + v log 3,16. The nucleus volume of the central neurons, in con- 
sequence, is 3,16’ * 83 ms. 

The central nucleus volume being nearly equal to the geometrical 
mean nucleus volume of the upper main group, the value of v of 
an architectonic field determines the mean size of its ganglion cells: 
a larger value of v is found in an area with larger cells. As in the formula 
log N. =3,16" X 80 3 the v is an exponent, v can be called the exponent 
of the architectonic field. 

In the second place v defines the depth of the two central nerve ceils. 
In fig. 1 the centre of the upper field lies vc lower than the starting point 
of the regression line. The starting point lying at a depth of 168 uw, the 
depth of the upper central nerve cell is 3,16° < 168 w. In an area with 
larger nerve cells the upper central neuron has a larger main dendrite 
than in an area with smaller cells. 

In each area the depth of the lower central neuron being 3,16 times 
‘ the depth of the upper one, the depth of the lower central cell is 
316 2G51 682. 168 nor B16 ee Gl68 a, 

In the third place it defines the thickness of the two main groups. 

From fig. 1 it follows, that the lower border of the upper group is in- 
dicated 2vc lower than its upper border (the starting point). The lower 
border, thus, lies at a depth equal to 3,16” = 168 w. 

The height of the lower field in fig. 1 is half as large as that of the 
upper field. Its upper border is drawn 4vc higher and its lower border 
duc lower than its’ centre. The lower main group, thus, starts at a depth 
of 3,167? X (168 and it ends at a depth of 3.16%") ~ Joa, 
The depth of the lower border of the lower group is the same as the 
total thickness of the cortex. The field exponent v, thus, also defines the 
thickness of the cortex in the field. 

In the fourth place v defines the geometrical mean volume at each 
depth of the lower group. 

In the upper group the mean volume is determined by the depth only: 
the starting point of the regression line indicates the constant mean 
nucleus volume of 83 yu? at a depth of 168 4 and the mean nucleus volume 
in the upper group being proportional to the depth, in each area the mean 


nucleus volume at a depth of d yw in the upper group is Es x 83 ue 


In the lower group, however, the nucleus volume increases proportio- 
nal to a higher power of the depth, the regression line having a smaller 
gradient than 45°. This gradient differs in the different architectonic 
fields. Its tangent is found equal to v. In the lower, group, thus, the depth 
increases proportional to the v-power of the mean nucleus volume. The 
value of v being known, the mean nucleus volume at each depth of the 
lower group can be calculated from it. 


955 


Owing to the height of the lower correlation field in fig. | being vc 
and the tangent of its regression line being v, the endpoint of this regres- 
sion line lies c more to the right than its starting point: in each area 
the largest mean nucleus volume of the lower group (lying at the border 
between cortex and white matter) is 3,16 times as large as its smallest 
mean nucleus volume (lying at the upper border of the lower group). 
The total variation range of the mean nucleus volumes in the lower group, 
expressed in times, thus, is the same in all areae. In the upper group, on 
the contrary, it differs in the various areae, the endpoint of the regression 
line lying 2vc more to the right than its starting point, the largest mean 
nucleus volume, in other words, being 3,162" times as large as the smallest 
one. 

In the fifth place the field exponent v defines the range of the variation 
in size of the ganglion cells at each depth in the cortex, the maximal 
variation at a special depth being determined by the horizontal diameter 
at that depth of the correlation field, bordered by the transformed circles 
of fig. 1. (More exactly it follows from the standard deviation spoken of 
above, which is equal to 0,37 times the radius or equal to 0,185 v.) 

In the sixth place the exponent seems to define the number of ganglion 
cells present in each group under a unit of pial surface. In the upper group 
this number seems to be fairly constant, in the lower group it seems to 
vary inversely proportional to v. The numbers of cells measured, however, 
are to small to make this certain. 

The details of the general scheme of fig. 1 described above can be 
summarized as follows. 

In each architectonic area of the human cerebral cortex an upper and 
a lower main group of nerve cells can be distinguished. The cells of each 
group can be seen as variations from a mean type, called the central 
neuron of the group. The upper and the lower central neuron of one 
area have the same nucleus volume. The main dendrite (= depth under 
the pia) of the lower one is 3,16 times as long as in the upper one. 

In the upper group the quotient nucleus volume divided by depth 
(N:D, probably being a measure of the shape of the dendrite field, 
in a cat N being found proportional to the length of the basal dendrites 
and D being the length of the main dendrite) varies normally (for exact 
meaning see above) and as many times as and independently of the depths 
(length of the main dendrites). The maximal extension of these variations 
from the values of the central neuron is 3,16v times, in which v is the 
exponent of the field. In the various fields the value of v varies between 
4 and 1. 

In the lower group the quotient N : D'/» varies normally and indepen- 
dently of the depth and as many times as N:D in the upper group. 

In consequence of. these types of variation the mean nucleus volume 
varies with the depth: in the upper group it increases proportional to the 
depth, in the lower group proportional to the '/, power of the depth. 
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Another consequention of these types of variation is the possibility to 
express the thickness of the cortex and of the two main groups and 
probably the number of the neurons as a function of the field exponent v. 

The field exponent v, thus, defines the various sizes of the neurons 
ac each depth of the cortex, it thereby describes the structure of the cyto- 
architectonic field to a great extent. 
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Indeed the cyto-architectonic fields, thus, seem to be different mani- 
festations of one common scheme of structure and by far the most of 
their differences are due to the variation in size of only one property of 
that scheme. This size can be expressed by the value of the so called 
field exponent (v). Differences of smaller size, present in the measurings, 
could be defined by two other exponents p and q. The size of these extra 
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Fig. 5. Area orbitalis granulosa (v = 0.70). 
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Fig. 6. Area postcentralis granulosa (v = 0.76). 
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exponents, however, is so small that it is not certain if they express real 
architectonic differences between the fields. If so, the differences indi- 
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Fig. 8. Area praecentralis giganto-pyramidalis (v — 1,00). 


cated by p and q are far smaller than those indicated by the field expo- 
nent v. 


Anthropologie. — Een onderkaaksfragment van Elephas primigenius 
met menschelijke bewerking. Door A. J. P. v. D. BROEK. (Com- 
municated by Prof. L. RUTTEN.) 


(Communicated at the meeting of November 25, 1939.) 


Uit de zandgraverij te Maarn is een onderkaaksfragment te voorschijn 
gekomen, dat onze aandacht waard is. 

De spoorweginsnijding bij Maarn gaat door den glacialen stuwwal, 
welks kern uit gestuwd praeglaciaal (prae-Riss) materiaal bestaat. Hij 
wordt hier en daar door resten van het keizand der Riss-periode bedekt. 

Voor zoover uit de mededeeling van de werklieden en uit aanwijzing 
van de vindplaats is af te leiden, is het onderkaaksfragment afkomstig 
uit de geplooide lagen van den stuwwal, zoodat deze, naar den tijd, in 
het praeglaciaal moet worden gesteld, d.w.z. den tijd voorafgaande aan 
de grootste uitbreiding van de ijsbedekking van den Riss-ijstijd. 

Het fragment is een deel van het corpus mandibulae. Aan de voorzijde 
gaat de breuk vlak langs het foramen mentale internum, aan het achter- 
einde is een klein gedeelte van den ramus ascendens aanwezig. 

In verband met den geologischen ouderdom van de laag, waaruit deze 
kaak te voorschijn is gekomen, moet de vraag beantwoord worden of wij 
met de kaak van E. antiquus, dan wel van E: primigenius te doen hebben. 

Aan de buitenzijde (fig. 1) komen 3 foramina mentalia voor, aan de 
binnenzijde (fig. 2) één. De nog aanwezige rest van den ramus ascendens 
maakt een stompen hoek met den bovenrand van het corpus mandibulae, 
wat er voor zou pleiten, dat wij met een betrekkelijk jong individu te 
maken hebben; hoewel in de richting van corpus en ramus ascendens ten 
opzichte van elkaar, vooral bij E. primigenius, variabele verhoudingen 
bestaan (POHLIG). 

Aan de binnenzijde (fig. 2) zijn de afdrukken van hoogstwaarschijn- 
lik twee gebitselementen te zien, die wel bewijzen, dat het fragment van 
E. primigenius afkomstig is. 

Vooraan vindt men een diepe, gekromde alveolus, waarvan de door- 
snede aan het boveneinde 35 mm. is, de diepte, in rechte lijn gemeten, 
65 mm. Daarachter vindt men een trapeziumvormigen indruk, aan den 
bovenrand -+ 145 mm. lang, in ‘t midden 95 mm. hoog. Duidelijk zijn 
hier de indrukken van 10 (11?) lamellen vast te stellen, de formule van 
het desbetreffende element zou dus moeten Juiden (x) 10 (11?) (x); met 
een kroonlengte (gemeten volgens de opgave van POHLIG) van hoogstens 
135 mm. De afstand der lamellen is + 12 mm. 

In het onderstaande schema zijn de formules en de maten van enkele 
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elementen uit het gebit van E. antiquus en E. primigenius volgens POHLIG's 


opgaven samengevoegd. 


E. primigenius E. antiquus 
m, Ox Ose SA Wil ica Ose Ke xe SY PS iain, 
m3 O37 = IDS BH loin, xe Se —— 5 fae Ws) = NNO) eevee, 
M, oe Wil s% == 5 Si5% INS} —— SO) seoven. Oe — 9 NPD NGS) N/a, 


Uit de bovenstaande maatverhoudingen volgt wel, dat wij niet met 
E. antiquus te maken kunnen hebben. Op grond van de formule zou het 
element slechts M, kunnen zijn, en hiermede komt de maat niet overeen. 
De lamellen zijn bij E. antiquus veel breeder dan bij E. primigenius. 

Wat E. primigenius betreft kan men aan drie mogelijkheden denken, 
n.l. my en ma; mz en M,; of alveolus en indruk als twee gedeelten van 
één element. Dit zou dan my of mg moeten zijn. Hiertegen pleit echter 
de kroonlengte, die voor mg ten hoogste 116 mm. bedraagt, terwijl bij 
dit object de lengte + 135 mm. bedraagt. Mijns inziens komt dus slechts 
in aanmerking mz (rest) en M,; onwaarschijnlijker acht ik mg (rest) 
en ms. Dit is niet van veel belang, waar POHLIG mededeelt, dat er geen 
scherpe onderscheidingskenmerken zijn tusschen mz en M, (l.c. blz. 124). 

De beteekenis dezer vondst ligt niet in den ouderdom van het dier, 
als hierin, dat le Elephas primigenius in Nederland in hoofdzaak in 
lagen beantwoordend aan den Wiirm-ijstijd is gevonden; dit dus één 
van de zeldzamer vondsten uit den prae-Risstijd is en 2e, dat het ‘kaak- 
fragment duidelijk sporen draagt, die slechts aan menschelijke bewerking 
kunnen worden toegeschreven. 

Deze sporen bestaan in een aantal diepe en ondiepe krassen en in- 
kepingen in de omgeving der plaats, waar het corpus mandibulae in den 
ramus ascendens overgaat. Plaats zoowel als richting dezer krassen’ zijn 
z60, dat men zich niet aan den indruk onttrekken kan, dat men te doen 
heeft met eene bewerking, die ten doel had den M. masseter te verwij- 
deren. De diepe inkepingen convergeeren naar de hoekplaats tusschen 
corpus en ramus, een aantal ondiepere langere krassen zijn op de buiten- 
eppervlakte van het corpus mandibulae aanwezig. Zij zijn beperkt tot 
het achterste gedeelte van het fragment, op het voorste gedeelte ont- 
breken zij ten eenenmale. Aan de bovenzijde van het fragment is een 
stuk van de kaak met een scherpen rand afgebroken (fig. 2). Het maakt 
den indruk alsof dit met kracht van de kaak is afgeslagen. 

Vier mogelijkheden voor het ontstaan dezer inkepingen en krassen 
moeten onder het oog worden gezien, nJ. le de krassen enz. moeten 
aan natuurlijke oorzaken worden toegeschreven, 2e zij zijn recent, 3e Zij 
zijn door een (roof)dier gemaakt en 4e zij zijn door den mensch, tijd- 
genoot van dezen E. primigenius, aangebracht. 
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De eerste mogelijkheid kan worden uitgesloten op grond van plaatsing 
en richting der krassen en op de overweging, dat zij op de andere ge- 
deelten van de buitenoppervlakte der kaak ontbreken, 

De tweede mogelijkheid kan ook worden uitgesloten. In de eerste 
plaats ontving ik de zeer positieve verzekering van den vinder, dat de 
kaak met het zand naar beneden gekomen was en overhandigd in den 
toestand, waarin zij uit het zand is gekomen. Met name was de kaak niet 
met een steekschop aangeraakt of bewerkt. Enkele inkepingen, door mij, 
met een scherp voorwerp (beitel) gemaakt, geleken eenigermate op de 
groeven, waarvan boven sprake was, doch verschilden er in ander op- 
zicht toch weer zoodanig van, dat aan de oudheid der bewerking niet 
viel te twijfelen. 

Ook de mogelijkheid, dat de inkervingen door een roofdier gemaakt 
zouden zijn, kan men uitsluiten. Dat een groot roofdier dit stuk kaak 
slechts zoo oppervlakkig zou hebben geraakt en niet meer zou hebben 
vernietigd, is bijna uit te sluiten. De breukvlakken trouwens wekken 
geen enkele gedachte daaraan, noch geven zij indrukken van tanden te 
zien. Trouwens zou de indruk van een hoektand of scheurkies geheel 
anders zijn, dan deze oppervlakkige inkervingen en groefjes. Eindelijk 
zou men onder- en bovenkaaksindrukken van het roofdier moeten waar- 
nemen. 

Er blijft dus geen andere dan de laatste mogelijkheid over, dat de in- 
kervingen en groeven producten van menschelijke behandeling zijn en 
wel van een mensch, die gelijktijdig met dezen mammoet leefde. 

Samenvattend hebben wij dus te doen met een fragment van de rech- 
ter onderkaakshelft van Elephas primigenius, afkomstig uit een, aan den 
prae-Risstijd beantwoordende, zandlaag en bewerkt door den mensch. 

Aanwijzingen omtrent de aanwezigheid van den mensch in Nederland 
tijdens den Riss-ijstijd zou men kunnen ontleenen aan eene mededeeling 
van V. D. VLERK en FLORSCHUTZ (1938), die eene kleiachtige zandlaag 
in Wezep, waaruit silex artefacten te voorschijn zijn gekomen, als be- 
antwoordend aan het tweede maximum van den Riss-ijstijd beschouwen. 

Burscu (1938) heeft deze stukken vergeleken met vondsten uit Olde- 
broek en uit Vollenhove. Volgens hem moet men in deze steenen de 
opeenvolging van drie kultuurphasen zien, n.Jl. Oldebroek (Acheuléen- 
Clactonien), Wezep (Clactonien), Vollenhove (Levalloisien). Hij meent, 
dat de vondsten in Wezep ouder moeten zijn, dan v. D. VLERK en FLOR- 
SCHUTZ opgeven. Nadere onderzoekingen moeten wij nog afwachten. 

Andere vondsten van artefacten uit het z.g. oud-palaeolithicum (Bath- 
men, St. Geertruide) zijn niet genoegzaam geologisch vastgelegd, dat wij 
ze kunnen gebruiken. 

Jong-palaeolithische vondsten zijn welbekend, zij beantwoorden aan 
den Wiirm-ijstijd en het post-glaciaal. 

De vraag is gewettigd of de mensch, die dus klaarblijkelijk reeds voor 
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het maximum van den Riss-ijstijd in Nederland aanwezig geweest is, tot 
het ras van Neanderdal heeft behoord. 

Volgens moderne opvatting zou de mensch in Europa reeds in den 
Giinz-ijstijd, resp. in het Giinz-Mindel-interglaciaal, in Europa aanwezig 
geweest zijn. Kultuurphasen, die men algemeen als karakteristiek voor 
den Cro-Magnon mensch beschouwt, treden eerst in den Wiirm-ijstijd 
op; zoodat het grootste deel van het diluvium aan den Neanderdaler moet 
hebben behoord. In dit zeer lange tijdsqgewricht valt ook de boven be- 
schreven vondst. 

Het onderkaaksfragment wordt bewaard in het Anatomisch Labora- 
torium der Rijks-Universiteit te Utrecht. 


SUMMARY. 


A description is given of a part of the mandible of Elephas primigenius, 
found in the preglacial sands at Maarn. As Elephas primigenius has 
seldom been found in the Netherlands in preglacial layers, a minute study 
of the object was necessary to ascertain that we had not to do with 
Elephas antiquus. Herefore were used the impressions of the molars at the 
inner side of the mandible. 

The value of this object is that it bears scratches and notches, especially 
at the place of insertion of the M. masseter, which must have been made 
by man. An investigation of these scratches proved that they were not 
recent, not made by natural causes, nor even made by an animal. 

This object proves that man (Neanderthal?) must have been present 
in the Netherlands at a time before the Riss-glaciation. 
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